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Abstract 

Pillar stability is an active research topic, and is important in the safety evaluation of underground mining 
projects. Commonly, pillar stability is evaluated using empirical formulations based on specific case studies 
and rock mass conditions. Numerical modelling could be a very useful tool given its ability to represent a 
wide range of field situations, as well as material behaviour. However, the evaluation of the safety factor 
using numerical models may be a challenging task when a large number of runs is required to yield a 
reliable estimate, e.g. strength reduction or load testing. In this context, a fast and accurate method of 
measuring pillar safety is desirable. The failure strain proposed by Sakurai (1981) was studied to understand 
and propose its use when adapted to room and pillar stability by means of numerical modelling. The 
commercial software package FLAC3D was used to evaluate the continuum mechanics problem. A wide 
range of parameters involved in the calculation were explored. Results suggest that the failure strain seems 
to be a promising tool when used correctly. Considerable time saving can be made without losing accuracy. 
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1 Introduction 

The evaluation of room and pillar (R&P) stability in mining projects is still an active research topic because 
of potential failures that may cause safety, cost or environmental impacts. Many factors could influence the 
stability of R&P mines, such as pillar and foundations failures, or potential roof instabilities due to beam 
flexure, or shear failures. The mechanical stability of pillars is critical, because their failure might induce a 
catastrophic event due to the lack of redundancy associated with this type of failure. According to Idris et 
al. (2015), a pillar can be defined as the remaining rock mass between two or more underground openings. 
The mechanical stability of pillars has been evaluated in literature by means of empirical methods 
(Laubscher 1990; Bullock 2011; Lunder & Pakalnis 1997; Obert & Duvall 1967), and by numerical methods 
(Idris et al. 2015; Gao & Ge 2016; Corkum & Board 2016; Navarro Torres et al. 2011; Kortnik 2009; Jaiswal & 
Shrivastva 2009; Deng et al. 2003; Pariseau & Eitani 1981). 

Numerical modelling is a powerful design tool because of its ability to incorporate complex material 
behaviour and model complex geometries. However, these advantages come at high time and 
computational cost. Hence, the use of efficient techniques to predict design conditions is desired. The 
critical strain εcrit approach proposed by Sakurai (1981), and later used by several authors in order to 
estimate the stability of underground structures (Sakurai et al. 1993; Sakurai 1997, 1999; Idris et al. 2015; 
Aydan et al. 1993), offers an attractive solution to this problem. Sakurai´s method seems to be appealing 
because its need to run only one typical stress–strain analysis to obtain a measurement of a stability index 
in terms of the mobilised strain. In Sakurai’s method, the critical strain is defined as the ratio of the uniaxial 
compressive strength (UCS) to the modulus of deformability (E) (Equation 1). 

 εcrit = 
UCS

E
 (1) 
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It is good to remark that, in general, the critical strain εcrit is different to that at failure εp (Figure 1). However, 

Sakurai (1981) suggested that the critical strain may be used as the strain at failure because they present 
similar values for brittle materials. However, this critical strain needs to be corrected (Equation 2) to take 
account of the non-linearities of the constitutive model and thus to correctly represent the strain at failure 
εfailure. 

 εfailure = 
εcrit

1-Rf
 (2) 

Where Rf is a parameter which represents the failure strength and varies from 0.05 and 0.8, according to 

Sakurai (1981). Even though the choice of Rf is made subjectively and, to the best of our knowledge, a 

method to estimate Rf is not available in literature. This motivates our study on a new prediction method of 

the strain at failure. 

 

Figure 1 Sakurai’s idealisation of the stress–strain behaviour 

2 Methodology 

Given that in situ load tests on pillars (up to failure) are seldom found in literature (Yan-lin & Wen 2014) 
and because they might be extremely dangerous and time and resource-consuming, the present study 
aims to analyse the mechanical response of pillars based on numerical modelling. A flexible numerical 
model of 1/8th of a single square pillar was implemented in FLAC3D v 5.01 (Itasca Consulting Group, Inc. 
2012) using FISH programming (Figure 2). The latter routine was used as an implicit performance 
function to evaluate the pillar’s strain at failure ε𝑝𝑝 and peak vertical stress 𝜎𝑝𝑝. The strain at failure was 

measured as the ratio of the convergence between the roof and the floor (measured at the centroid of 
the section) to the pillar’s initial height. 

 

Figure 2 Example of the geometry of a numerical model of the pillar 
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The pillar’s rock mass was modelled using the generalised Hoek–Brown failure criterion with post-peak 
parameters described according to the Cai et al. (2007) and Ribacchi (2000) recommendations (path OEPST). 
The model parameters were calculated using FISH functions for peak and residual conditions, indicated by 
subscripts ‘p’ and ‘r’ respectively. The peak parameters were calculated according to Hoek et al. (2002). The 
post-peak behaviour was represented according to Ribacchi (2000) (Figure 3). A perfectly plastic peak 
differential stress qp is assumed from the critical deformation εe to the peak deformation εp. After point P, 

the rock mass experiences a progressive linear strain softening with a slope |En| down to a residual 
differential stress qr, reached at the final deformation εs. The peak deformation εp was calculated based on 

typical values of the ratio (εp-εe) εe⁄  which was observed to vary between 0.3 and 0.7 (Ribacchi 2000). The 

final deformation εs was estimated using the brittleness index IB= |En| E0⁄  which varies typically between 
0.1 and 0.5. 

 

Figure 3 Brittle behaviour adopted for the rock mass (Ribacchi 2000) 

The residual parameters were calculated using the residual GSI proposed by Cai et al. (2007) where GSIr is 
obtained using Equation 3. 

 GSIr = GSI exp(-0.0134 GSI) (3) 

Then, the residual strength parameters were calculated according to Hoek et al. (2002) using GSIr, mi and 

Dr = 0. Other authors have discussed the residual value of the GSI recommending proportional constant 
reductions, such as Russo et al. (1998) which set the residual GSI to 36% of the peak value, and Ribacchi 
(2000) who recommended a residual value equivalent to 70% of the peak GSI. Cai’s method was chosen 
because of its generality. 

Additionally, the post-peak parameters were corrected to take into account the grid dependency of the 
results of the numerical model. This correction was done according to the user’s manual of FLAC3D v6.0 
(Itasca Consulting Group, Inc. 2017) where post-peak deformations are corrected by the multipliers 

𝜆1 = (10-0.1 GSI) 3⁄  and 𝜆2 = 𝑅 20⁄  (𝑅 is the number of zones for pillar edge). The denominator of the 

second multiplier needs a specific performance calibration, but here we used the same value of 20 used in 
the user’s manual of FLAC3D v6.0. 

The floor and roof‘s rock mass was modelled using an elastic-plastic generalised Hoek–Brown failure 
criterion which is stronger than the pillar’s material to ensure that failure is induced in the pillar and not in 
the foundation or roof. 

Once the properties were allocated to the model and the in situ stress state established, a numerical load 
test (NLT) was carried out to determine the peak vertical stress registered at the pillar’s middle section and 
the corresponding peak strain. Figure 4 presents a typical output of an NLT. Finally, results were analysed in 
order to find tendencies, typical behaviours and/or correlations. 
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Figure 4 Example of the stress–strain curve registered in one of the numerical load tests 

3 Data 

In order to cover a wide range of scenarios, 320 NLTs were performed for a representative sampling space 
of the different variables involved in the estimation of the mechanical behaviour of pillars. Four parameters 
were varied: pillar length-to-height ratio (w/h), rock mass quality (GSI), intact rock strength (UCS) and the  
Hoek–Brown parameter mi. The remaining parameters were kept constant. Table 1 summarises the values 
and ranges of the main variables used in the NLTs. A MATLAB (The MathWorks Inc. 2016) routine was built 
to perform the automatic execution of several combinations of the input parameters. 

Table 1 Values and ranges of the main variables used in the numerical load tests 

Variable Units Values 

w/h – 0.5–4.5 

GSI – 30–90 

σci MPa 30–250 

mi – 5–35 

h m 3.5 

MR – 500 

D – 0.0 

Dr – 0.0 

(εp-εe) εe⁄  – 0.7 

IB – 0.3 
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4 Results 

The peak vertical stress and critical strain at the pillar were plotted against the ratio 𝑤/ℎ and the rock mass 
strength 𝜎𝑐𝑚 (Figure 5). The rock mass strength was used instead of the UCS of the rock mass because the 
rock mass strength has less variability than the laboratory tests. The peak vertical stress exhibited values 
between 0.005 and 1,260 MPa, increasing quickly for small values of 𝑤/ℎ and then decelerating. Regarding 
the rock mass strength, the peak stress presented direct correlation from one time up to six times the rock 
mass strength. On the other hand, the critical strain presented maximum values of approximately 4.5% of the 
pillar height, which agreed with the critical strain values found by Sakurai (1981). The critical strain increased 
with 𝑤/ℎ but decreased with the rock mass strength. The latter might be explained by the brittle behaviour 
considered in the numerical model where competent rock masses are more brittle than weaker ones. 

  

(a) (b) 

 

(c) (d) 

Figure 5 Critical strain and peak vertical stress of pillar against pillar slenderness and rock mass strength 
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Peak stress was plotted against critical strain, and a large scatter was observed in the data presented in 
Figure 6. The only noticeable characteristic is that there exists an inverse relation between them, e.g. large 
peak stresses tend to present small critical strains. The ratio is less than 1% for high peak stresses, and up to 
4.5% for small peak stress values. The small peak stresses also have a larger scatter of critical strain values. 

 

Figure 6 Critical strain versus peak vertical stress at pillar 

Recalling Sakurai’s critical strain (Equation 1), a correction factor is introduced to best predict the pillar’s 
strain at failure in brittle rock masses. 

 εpp,f = εcrit fstrain (4) 

 

The proposed correction factor is presented by the following formula: 

 fstrain = a + b (w  h⁄ )c (5) 

where: 

a, b and c are fitting parameters. 

The fitting process was performed, conditioning that εpp,f would reproduce and accurately forecast εpp.  

In other words, εpp,f = εpp + 𝑒𝑟𝑟𝑜𝑟. Figure 7 presents the NLT correction factor fstrain (Equation 6) and a 

linear approximation fstrain-lin (Equation 7). 

 fstrain = 0.139+5.089 (w  h⁄ )0.911 (6) 

 fstrain−𝑙𝑖𝑛 = 0.933+4.332 w  h⁄  (7) 

Substituting Equations 6 and 7 into Equation 4 yields the corrected failure strain prediction (Equations 8 
and 9 respectively). 

 εpp,f = [0.139 + 5.089 (w  h⁄ )0.911] εcrit (8) 

 εpp,f = [0.933 + 4.332 w  h⁄ ] εcrit (9) 
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Figure 7 Correction factor for critical strain at pillar 

The plot of the predicted values of the critical strain (Figure 8) revealed that the current formulation tends 
to overestimate the critical values of the pillar’s strains for larger values. A closer inspection into the 
overestimated values of critical strain reveals that this overestimation occurs for competent rock masses. 
Again, this might be explained by the fact that competent rock masses suffer a higher strength reduction 
towards the residual strength. Hence, the current formulation must be used with caution for large values of 
the predicted critical strain (εpp,f > 5%). 

  

Figure 8 Modelled critical strain (Equation 8) versus measured critical strain at NLT 
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Regarding the values of the correction factor obtained in this study, they varied between two and 20 for 
width-to-height ratios of 0.3 and 4.5, respectively. At this point, it is good to remark that the correction 
factor recommended by Sakurai (Equation 2) presents values ranging from 1.1 and 5.0 for Rf of 0.05 and 
0.8, respectively. Sakurai’s values are contained in the range of values obtained in this study because we 
considered a larger range of width-to-height ratios than Sakurai. Sakurai’s values correspond to standard 
laboratory specimens’ width-to-height ratios smaller than 0.5, and UCS and confining stress of up to 
100 MPa and 100 MPa respectively. The present study covered a wider range of width-to-height ratios and 
rock mass strengths. Also, as stated by Hoek and Brown (1997), the rock mass strength is more suitable for 
pillar design.  

5 Conclusion 

This paper presented a study on the possibility of improving Sakurai’s critical strain evaluation technique. 
The results obtained from the numerical models presented a large scatter and this was reflected in the 
difficulty of finding a suitable correlation among the variables that were considered in the modelling 
process. However, a correction of the classical critical strain criterion is proposed in Equation 8. 
Alternatively, a best fit linear version is presented in Equation 9. It is worth noting that the presented 
correction still presents some degree of variability, but does improve the accuracy when evaluating the 
limit state of pillars. 
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